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Abstract
In [Problems on polytopes, their groups, and realizations, Periodica Math. Hun-
garica 53 (2006) 231-255] Schulte and Weiss proposed the following problem: Char-
acterize regular polytopes of orders 2np for n a positive integer and p an odd prime.
In this paper, we first prove that if a 3-polytope of order 2np has Schla¨fli type
{k1, k2}, then p | k1 or p | k2. This leads to two classes, up to duality, for the Schla¨fli
type, namely Type (1) where k1 = 2
sp and k2 = 2
t and Type (2) where k1 = 2
sp
and k2 = 2
tp. We then show that there exists a regular 3-polytope of order 2np with
Type (1) when s ≥ 2, t ≥ 2 and n ≥ s + t + 1 coming from a general construction
of regular 3-polytopes of order 2nℓ1ℓ2 with Schla¨fli type {2
sℓ1, 2
tℓ2} when s, t ≥ 2,
n ≥ s+ t+ 1, and both ℓ1 and ℓ2 are odd. For Type (2), we prove that there exists
a regular 3-polytope of order 2n · 3 with Schla¨fli type {6, 6} when n ≥ 5 coming
from a general construction of regular 3-polytopes of Schla¨fli type {6, 6} with orders
192m3, 384m3 or 768m3, for any positive integer m.
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1 Introduction
An (abstract) polytope P is a partially-ordered set endowed with a rank function, satis-
fying certain conditions that arise naturally from a geometric setting. A chain of P is a
totally ordered subset of P, and a maximal chain is called a flag of P. The automorphism
group of a polytope always acts freely on flags, and in the case where this action is tran-
sitive as well, the polytope is said to be regular and the order of the automorphism group
is called the order of the polytope. The study of abstract regular polytopes has a rich
history and been described comprehensively in the book by McMullen and Schulte [25].
It is a natural question to try to classify all pairs (P, G), where P is a regular polytope
and G is an automorphism group acting transitively on the flags of P. The atlas [8]
E-mails: 16118416@bjtu.edu.cn, yqfeng@bjtu.edu.cn, dleemans@ulb.ac.be
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contains information about all regular polytopes with automorphism group of order at
most 2000. An interesting case is constituted by the pairs (P, G) with G simple or almost
simple. The atlas [24] contains all regular polytopes whose automorphism group is an
almost simple group G such that S ≤ G ≤ Aut(S) and S is a simple group of order less
than 1 million, and more striking results have been obtained for the symmetric groups
Sn and alternating groups An: Fernandes et al. [10, 14, 13] classified abstract regular
polytopes of ranks n − 1, n − 2, n − 3 and n − 4 for Sn, and Cameron et al. [4] showed
that the highest rank of an abstract regular polytope for An is ⌊(n− 1)/2⌋ when n ≥ 12,
which was known to be sharp by Fernandes et al. [11, 12]. For a prime power q, similar
classifications were obtained for the linear groups PSL(2, q) in [22], PGL(2, q) in [23],
PSL(3, q) and PGL(3, q) in [2], PSL(4, q) in [3], and for the Suzuki simple groups Sz(q) in
[20]. Furthermore, Connor et al. [5] classified abstract regular polytopes for almost simple
groups G with PSL(2, q) ≤ G ≤ PΓL(2, q). For a broader survey on these kind of results,
we refer to the recent survey [21].
Another interesting case is constituted by the pairs (P, G) with G solvable. It is well-
known that every solvable group, whose order is not a prime, has a non-trivial normal
subgroup. When it comes to solvable groups, except for abelian groups, the first ones that
come to mind are groups of orders 2n or 2np, which are proved to be more difficult to
understand than others.
Schulte and Weiss [26] proposed the following problem.
Problem 1.1 Characterize the groups of orders 2n or 2np, with n a positive integer and
p an odd prime, which are automorphism groups of regular or chiral polytopes?
Conder [7] constructed an infinite families regular polytopes of type {4, 4, · · · , 4} of
order 2n, where n depends on the rank, and Cunningham and Pellicer [6] obtained the
classification of regular 3-polytopes of order 2n and Schla¨fli type {4, 2n−3}. This classifica-
tion was also obtained by Loyola [19] by using the classification of 2-groups with a cyclic
subgroup of order 2n−3. Gomi, Loyola and De Las Pen˜as [15] determined the abstract reg-
ular polytopes of order 1024. The authors [16, 17] constructed a regular polytope of order
2n for all possible Schla¨fli types given by Conder [7], and classified the regular 3-polytopes
of order 2n with Schla¨fli types {4, 2n−4} and {4, 2n−5}.
There appear to be few known examples of regular polytopes with solvable automor-
phism groups of order 2np, apart from some of small order and families of regular 3-
polytopes arising from the so-called tight regular 3-polytopes, namely those with Schla¨fli
type {k1, k2} and order 2k1k2, obtained by Cunningham and Pellicer [6]. In this paper,
we prove the following theorem (see Section 3).
Theorem 1.2 If a regular 3-polytopes of order 2np has type {k1, k2}, then p | k1 or p | k2.
Moreover, up to duality, types of regular 3-polytopes of order 2np consist of two classes.
• Type (1): k1 = 2
sp and k2 = 2
t;
• Type (2): k1 = 2
sp and k2 = 2
tp.
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In Section 4, we construct a regular 3-polytope of order 2nℓ1ℓ2 with Schla¨fli type
{2sℓ1, 2
tℓ2} when s, t ≥ 2, n ≥ s + t + 1 and where both ℓ1 and ℓ2 are odd. Finally,
in Section 5, we construct a regular 3-polytope of Schla¨fli type {6, 6} with order 192m3,
384m3 or 768m3, for any positive integer m. In particular, these give a regular 3-polytope
of order 2np for Type (1) when s ≥ 2, t ≥ 2 and n ≥ s + t + 1, and for Type (2) when
p = 3, s = t = 2 and n ≥ 5.
2 Background results
2.1 String C-groups
Abstract regular polytopes and string C-groups are the same mathematical objects. The
link between these objects may be found for instance in [25, Chapter 2]. We take here the
viewpoint of string C-groups because it is the easiest and the most efficient one to define
abstract regular polytopes.
Let G be a group and let S = {ρ0, · · · , ρd−1} be a generating set of involutions of G.
For I ⊆ {0, · · · , d− 1}, let GI denote the group generated by {ρi : i ∈ I}. Suppose that
* for any i, j ∈ {0, . . . , d−1} with |i−j| > 1, ρi and ρj commute (the string property);
* for any I, J ⊆ {0, · · · , d− 1}, GI ∩GJ = GI∩J (the intersection property).
Then the pair (G, S) is called a string C-group representation of rank d of G (or string
C-group for short) and the order of (G, S) is simply the order of G. If (G, S) only satisfies
the string property, it is called a string group generated by involutions or an sggi. The
intersection property implies that S is a minimal generating set of G. Given a string
C-group, it is possible to construct an abstract regular polytope as shown in [25, Section
2E]. Conversely, given an abstract regular polytope Γ and one of its flags, we can construct
a string C-group representation of Aut(Γ) [25, Section 2B].
The i-faces of the regular d-polytope associated with a string C-group (G, S) are the
right cosets of the distinguished subgroup Gi = 〈ρj | j 6= i〉 for each i = 0, 1, · · · , d−1, and
two faces are incident just when they intersect as cosets. In other words, a regular polytope
constructed from a string C-group is a coset geometry in the sense of Jacques Tits [28].
The Schla¨fli type of (G, S) is the ordered set {p1, · · · , pd−1}, where pi is the order of ρi−1ρi.
In this paper we assume that each pi is at least 3 for otherwise the generated group is
a direct product of two smaller groups. If that happens, the string C-group (and the
corresponding abstract regular polytope) is called degenerate. The following proposition
is related to degenerate string C-groups of rank 3.
Proposition 2.1 For k ≥ 2, let
L1 = 〈ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
k, (ρ1ρ2)
2, (ρ0ρ2)
2〉,
L2 = 〈ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
2, (ρ1ρ2)
k, (ρ0ρ2)
2〉.
Then |L1| = |L2| = 4k. In particular, the listed exponents are the true orders of the
corresponding elements.
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The proof of Proposition 2.1 is straightforward from the fact that L1 = 〈ρ0, ρ1〉×〈ρ2〉 ∼=
D2k × Z2 and L2 = 〈ρ0〉 × 〈ρ1, ρ2〉 ∼= Z2 × D2k, where D2k denotes the dihedral group of
order 2k.
The following proposition is called the quotient criterion for a string C-group.
Proposition 2.2 [25, Section 2E] Let (G, {ρ0, ρ1, ρ2}) be an sggi, and let Λ = (〈σ0, σ1, σ2〉,
{σ0, σ1, σ2}) be a string C-group. If the mapping ρj 7→ σj for j = 0, 1, 2 induces a homo-
morphism π : G → Λ, which is one-to-one on the subgroup 〈ρ0, ρ1〉 or on 〈ρ1, ρ2〉, then
(G, {ρ0, ρ1, ρ2}) is also a string C-group.
The following proposition gives some string C-groups with type {4, 4}.
Proposition 2.3 [9, Section 8.3] For b ≥ 2, let
M1 = 〈ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
4, (ρ1ρ2)
4, (ρ0ρ2)
2, (ρ1ρ0ρ1ρ2)
b〉,
M2 = 〈ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
4, (ρ1ρ2)
4, (ρ0ρ2)
2, (ρ0ρ1ρ2)
2b〉.
Then M1 ∼= (Db × Db) ⋊ C2 and M2 ∼= (Db × Db) ⋊ (C2 × C2) wtih |M1| = 8b
2 and
|M2| = 16b
2. The listed exponents are the true orders of the corresponding elements.
2.2 Group theory
We use standard notation for group theory, as in [27] for example. In this subsection we
briefly describe some of the specific aspects of group theory that we need.
Let G be any group. We define the commutator [x, y] of elements x and y of G by
[x, y] = x−1y−1xy, and then define the derived subgroup (or commutator subgroup) of G as
the subgroup G′ of G generated by all commutators of G. For any non-negative integer
n, we define the nth derived group of G by setting
G(0) = G, G(1) = G′ and G(n) = (G(n−1))′, for any n ≥ 1.
A group G is called solvable if G(n) = 1 for some n. This terminology comes from
Galois theory, because a polynomial over a field F is solvable by radicals if and only if its
Galois group over F is a solvable group. Every abelian group and every finite p-group is
solvable, but every non-abelian simple groups is not solvable. In fact, the smallest non-
abelian simple group A5 is also the smallest non-solvable group. A subgroup H of a group
G is characteristic if Hσ ≤ H for every automorphism σ of G.
The following proposition is a basic property of commutators and its proof is straight-
forward.
Proposition 2.4 Let G be a group. For any x, y, z ∈ G, [xy, z] = [x, z]y [y, z] and [x, yz] =
[x, z][x, y]z.
We need the following two propositions whose proofs are elementary. Hence we state
them without proof.
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Proposition 2.5 If N is a normal subgroup of the group G, such that both N and G/N
are solvable, then so is G.
Proposition 2.6 Let G be the free abelian group Z⊕Z⊕Z of rank 3, generated by three
elements x, y and z subject to the defining relations [x, y] = [y, z] = [x, z] = 1. Then
for every positive integer m, the subgroup Gm = 〈x
m, ym, zm〉 is characteristic in G, with
index |G : Gm| = m
3.
We use the Reidemeister-Schreier theory to produce a defining presentation for a sub-
group H of finite index in a finitely-presented group G. An easily readable reference for
this is [18, Chapter IV], but in practice we use its implementation as the Rewrite function
in the Magma computation system [1]. In Section 5, we heavily rely on some computer
computations to deal with small groups and we acknowledge the invaluable help of the
computer algebra system Magma [1].
3 Possible types of regular 3-polytopes of order 2np
In this section, we determine the types of regular 3-polytopes of order 2np. For a group
G and g ∈ G, we denote by o(g) the order of g in G.
Theorem 3.1 For a prime p and positive integers n, k1 and k2, let G be a group of order
2np generated by ρ0, ρ1, ρ2 such that ρ
2
0 = ρ
2
1 = ρ
2
2 = (ρ0ρ2)
2 = (ρ0ρ1)
k1 = (ρ1ρ2)
k2 = 1.
Then p
∣∣ k1 or p ∣∣ k2.
Proof. First let p = 2. Then G is a 2-group and each element in G has order a power of
2. This implies o(ρ0ρ1) = 2
s and o(ρ1ρ2) = 2
t, for some non-negative integer s and t. Note
that n ≥ 1 and |G| = 2np ≥ 4. Suppose that k1 and k2 are both odd. Since (k1, 2
s) = 1,
there exist integers k and ℓ such that k1k + 2
sℓ = 1. Then ρ0ρ1 = (ρ0ρ1)
k1k+2sℓ =
((ρ0ρ1)
k1)k((ρ0ρ1)
2s)ℓ = 1. Since ρ20 = ρ
2
1 = 1, we have ρ0 = ρ1, and similarly, ρ1 = ρ2. It
follows that G = 〈ρ0, ρ1, ρ2〉 = 〈ρ0〉 ∼= Z1 or Z2, contradicting |G| ≥ 4. Thus, k1 and k2
cannot be both odd and 2
∣∣ k1 or 2 ∣∣ k2, as required.
Now let p be an odd prime. Note that |G| = 2np. We use induction on n.
Assume n = 1. Then |G| = 2p. Since ρ20 = ρ
2
2 = (ρ0ρ2)
2 = 1, we have ρ0ρ2 = ρ2ρ0.
If |〈ρ0, ρ1〉| ≤ 2 and |〈ρ1, ρ2〉| ≤ 2, then ρ0ρ1 = ρ1ρ0 and ρ1ρ2 = ρ2ρ1. It follows that
G = 〈ρ0, ρ1, ρ2〉 is abelian, and since ρ
2
0 = ρ
2
1 = ρ
2
2 = 1, G is a 2-group, contradicting
|G| = 2p. Thus, either |〈ρ0, ρ1〉| ≥ 3 or |〈ρ1, ρ2〉| ≥ 3. If |〈ρ0, ρ1〉| ≥ 3, then ρ0 and ρ1 are
involutions and 〈ρ0, ρ1〉 is a dihedral group of order 2o(ρ0ρ1). In particular, 2o(ρ0ρ1)
∣∣ |G|,
and since |G| = 2p, we have o(ρ0ρ1) = p. This implies that p
∣∣ k1 because (ρ0ρ1)k1 = 1.
Similarly, if |〈ρ1, ρ2〉| ≥ 3 then p
∣∣ k2. It follows that p ∣∣ k1 or p ∣∣ k2, as required.
Assume n ≥ 2. Let P be a Sylow p-subgroup of G. Then |P | = p.
Claim: G has a non-trivial normal subgroup of order 2-power.
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Suppose on the contrary that G has no non-trivial normal subgroup of order a power
of 2. Let K be a minimal normal subgroup of G. Since |G| = 2np, the Burnside paqb-
Theorem implies that G is solvable, and so K is elementary abelian. Since K cannot be
a non-trivial 2-group, we have K = P and hence P EG.
Let C = CG(P ) be the centralizer of P in G. Then C ⊳ G. Let C2 be a Sylow 2-
subgroup of C. Then C = C2 × P . This implies that C2 is characteristic in C, and since
C ⊳G, we have C2 ⊳ G. Since G has no non-trivial normal 2-subgroup, we have C2 = 1,
that is, C = P .
By the N/C theorem, NG(P )/CG(P ) = G/P . Aut(P ) ∼= Zp−1, and hence G/P is
a cyclic group of order 2n. Furthermore, G/P = 〈ρ0P, ρ1P, ρ2P 〉, and G/P has a unique
cyclic subgroup of order 2, say T/P . Since (ρ0P )
2 = (ρ1P )
2 = (ρ2P )
2 = P , we have that
ρ0P ∈ T/P , ρ1P ∈ T/P and ρ2P ∈ T/P , implying G/P = 〈ρ0P, ρ1P, ρ2P 〉 = T/P . It
follows that 2n = 2, contradicting n ≥ 2. This completes the proof of our Claim.
We may now use the fact that G must have a normal subgroup N of order 2t with
t ≥ 1. Clearly, t ≤ n as |G| = 2np. If t = n then N is the unique normal Sylow 2-subgroup
of G, and hence ρ0, ρ1, ρ2 ≤ N , which implies that G = 〈ρ0, ρ1, ρ2〉 = N , contradicting
|G| = 2np. Thus, t < n, and G/N is a group of order 2n−tp, generated by ρ0N , ρ1N and
ρ2N with (ρ0N)
2 = (ρ1N)
2 = (ρ2N)
2 = (ρ0ρ2N)
2 = (ρ0ρ1N)
k1 = (ρ1ρ2N)
k2 = 1. By
inductive hypothesis, p
∣∣ k1 or p ∣∣ k2, as required.
Proof Theorem 1.2: Let p be a prime and n a positive integer. Let P be a regular
3-polytope of order 2np with Schla¨fli type {k1, k2}. Then Aut(P) is a string C-group of
rank 3 generated by three involutions, say ρ0, ρ1 and ρ2, which satisfy all the relations in
Theorem 3.1. Thus, p
∣∣ k1 or p ∣∣ k2. It follows that up to duality, types of P consist of
two classes: Type (1): k1 = 2
sp and k2 = 2
t, and Type (2): k1 = 2
sp and k2 = 2
tp.
4 Regular 3-polytopes for Type (1)
In this section we construct infinitely many regular 3-polytopes of order 2np with Type (1),
namely, Schla¨fli type {2sp, 2t}.
Theorem 4.1 Let s, t ≥ 2, n ≥ s+ t + 1, and let ℓ1 and ℓ2 both be odd. Define
G =
{
〈ρ0, ρ1, ρ2 | R(ρ0, ρ1, ρ2), [(ρ0ρ1)
2, ρ2]
2
n−s−t−1
2 〉, n− s− t odd
〈ρ0, ρ1, ρ2 | R(ρ0, ρ1, ρ2), [(ρ0ρ1)
2, (ρ1ρ2)
2]2
n−s−t−2
2 〉, n− s− t even,
where R(ρ0, ρ1, ρ2) = {ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
2sℓ1, (ρ1ρ2)
2tℓ2 , (ρ0ρ2)
2, [(ρ0ρ1)
4, ρ2], [ρ0, (ρ1ρ2)
4]}.
The pair (G, {ρ0, ρ1, ρ2}) is a solvable string C-group of order 2
nℓ1ℓ2 with type {2
sℓ1, 2
tℓ2}.
Proof. Write k1 = 2
sℓ1 and k2 = 2
tℓ2. Let
L1 = 〈ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
2sℓ1 , (ρ1ρ2)
2, (ρ0ρ2)
2〉,
L2 = 〈ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
2, (ρ1ρ2)
2tℓ2, (ρ0ρ2)
2〉.
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By Proposition 2.1, L1 = 〈ρ0, ρ1〉× 〈ρ2〉 ∼= D2k1 ×Z2 and L2 = 〈ρ0〉× 〈ρ1, ρ2〉
∼= Z2×D2k2 .
Since [ρ0, ρ2] = 1, Proposition 2.4 gives rise to
[(ρ0ρ1)
2, ρ2] = [ρ0ρ1ρ0ρ1, ρ2] = [ρ1ρ0ρ1, ρ2] = [ρ0, ρ1ρ2ρ1ρ2ρ2]
ρ1 = [ρ0, (ρ1ρ2)
2]ρ2ρ1 .
The generators ρ0, ρ1, ρ2 in L1 satisfy all relations in G, and hence L1 is an epimorphic
image of G induced by ρi 7→ ρi for 0 ≤ i ≤ 2. Since ρ0ρ1 has order 2
sℓ1 in L1, we have
that o(ρ0ρ1) = 2
sℓ1 in G, because (ρ0ρ1)
2sℓ1 = 1 in G. Write A = 〈(ρ0ρ1)
4〉. Then A ≤ G
and |A| = o((ρ0ρ1)
4) = (2sℓ1)/4 = 2
s−2ℓ1.
Note that 〈ρ0, ρ1〉 is a dihedral subgroup of G. Then 〈ρ0ρ1〉E 〈ρ0, ρ1〉. Since 〈(ρ0ρ1)
4〉
is characteristic in 〈ρ0ρ1〉, we have 〈(ρ0ρ1)
4〉 E 〈ρ0, ρ1〉, and since [(ρ0ρ1)
4, ρ2] = 1 in G,
we have 〈(ρ0ρ1)
4〉 E G, that is, A E G. It follows that|G| = |G/A| · |A| = |G/A| · 2s−2ℓ1.
Clearly, G/A ∼= G1, where
G1 =
{
〈ρ0, ρ1, ρ2 | R1(ρ0, ρ1, ρ2), [(ρ0ρ1)
2, ρ2]
2
n−s−t−1
2 〉, n− s− t odd
〈ρ0, ρ1, ρ2 | R1(ρ0, ρ1, ρ2), [(ρ0ρ1)
2, (ρ1ρ2)
2]2
n−s−t−2
2 〉, n− s− t even,
with R1(ρ0, ρ1, ρ2) = {ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
4, (ρ1ρ2)
2tℓ2 , (ρ0ρ2)
2, [ρ0, (ρ1ρ2)
4]}.
The generators ρ0, ρ1, ρ2 in L2 satisfy all relations in G1, and hence L2 is an epimorphic
image of G2. Since ρ1ρ2 has order 2
tℓ2 in L2, we have that o(ρ1ρ2) = 2
tℓ2 in G1 and also
in G. Let B = 〈(ρ1ρ2)
4〉 be a subgroup of G1. Then |B| = o((ρ1ρ2)
4) = k2/4 = 2
t−2ℓ2.
Since 〈ρ1, ρ2〉 is a dihedral subgroup of G1 and [ρ0, (ρ1ρ2)
4] = 1, we have BEG1 and then
|G1| = |G1/B| · |B| = |G1/B| · 2
t−2ℓ2. In particular, G1/B ∼= G2, where
G2 =
{
〈ρ0, ρ1, ρ2 | R2(ρ0, ρ1, ρ2), [(ρ0ρ1)
2, ρ2]
2
n−s−t−1
2 〉, n− s− t odd
〈ρ0, ρ1, ρ2 | R2(ρ0, ρ1, ρ2), [(ρ0ρ1)
2, (ρ1ρ2)
2]2
n−s−t−2
2 〉, n− s− t even,
with R2(ρ0, ρ1, ρ2) = {ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
4, (ρ1ρ2)
4, (ρ0ρ2)
2}.
In the group G2, (ρ0ρ1)
4 = (ρ1ρ2)
4 = 1, and since ρ0ρ2 = ρ2ρ0, we have
[(ρ0ρ1)
2, ρ2] = (ρ1ρ0)
2ρ2(ρ0ρ1)
2ρ2 = (ρ1ρ0ρ1ρ2)
2,
[(ρ0ρ1)
2, (ρ1ρ2)
2] = ((ρ0ρ1)
2(ρ1ρ2)
2)2 = (ρ0ρ1ρ0ρ2ρ1ρ2)
2 = (ρ0ρ1ρ2)
4.
It follows that
[(ρ0ρ1)
2, ρ2]
2
n−s−t−1
2 = (ρ1ρ0ρ1ρ2)
2
n−s−t+1
2 with n− s− t odd, and
[(ρ0ρ1)
2, (ρ1ρ2)
2]2
n−s−t−2
2 = (ρ0ρ1ρ2)2 · 2
n−s−t
2 with n− s− t even.
By Proposition 2.3, (G2, {ρ0, ρ1, ρ2}) is a string C-group of order 2
n−s−t+4 with type {4, 4}.
It follows that |G1| = |G1/B| · 2
t−2ℓ2 = |G2| · 2
t−2ℓ2 = 2
n−s+2ℓ2 and |G| = |G/A| · 2
s−2ℓ1 =
|G1| · 2
s−2ℓ1 = 2
nℓ1ℓ2.
The generators ρ0, ρ1, ρ2 of G2 satisfy the relations in G1, and hence there is an
epimorphism π : G1 7→ G2, induced by ρ0 7→ ρ0, ρ1 7→ ρ1 and ρ2 7→ ρ2. Note that
o(ρ0ρ1) = 4 and o(ρ0) = o(ρ1) = o(ρ2) = o(ρ0ρ2) = 2 in G2. Then o(ρ0ρ1) = 4 and
7
o(ρ0) = o(ρ1) = o(ρ2) = o(ρ0ρ2) = 2 in G1. This implies that G1 is an sggi and the
restriction of π on the dihedral subgroup 〈ρ0, ρ1〉 of G1 is one-to-one. By Proposition 2.2,
(G1, {ρ0, ρ1, ρ2}) is a string C-group with type {4, k2}.
Also the generators ρ0, ρ1, ρ2 of G1 satisfy the relations in G, and hence there is an
epimorphism G 7→ G1, induced by ρ0 7→ ρ0, ρ1 7→ ρ1 and ρ2 7→ ρ2. Similar to the above
argument, (G, {ρ0, ρ1, ρ2}) is a string C-group with type {k1, k2}.
By Proposition 2.3, G2 ∼= (D
2
n−s−t
2
×D
2
n−s−t
2
)⋊(C2×C2) or (D
2
n−s−t+1
2
×D
2
n−s−t+1
2
)⋊
C2, and so G2 is solvable. Since G2 ∼= G1/B and B is cyclic, G1 is solvable by Proposi-
tion 2.5, and since G ∼= G1/A and A is cyclic, G is solvable.
Let P is a regular 3-polytope of order 2np with Schla¨fli type {k1, k2}, where k1 = 2
sℓ1
and k2 = 2
tℓ2 with ℓ1, ℓ2 odd. By Conder [7], |Aut(P)| ≥ 2k1k2, and hence n ≥ s+ t+ 1.
By taking ℓ1 = p and ℓ2 = 1 in Theorem 4.1, we have the following corollary.
Corollary 4.2 For any odd prime p and positive integers n, s, t with s ≥ 2, t ≥ 2 and
n ≥ s+ t+ 1, there exists a regular 3-polytope of order 2np with Schla¨fli type {2sp, 2t}.
For Type (1), we do not know whether there exists a regular 3-polytope of order 2np
with Schla¨fli type {2p, 2t} when t ≥ 2 and n ≥ t+ 2.
5 Regular 3-polytopes for Type (2)
In this section, we construct infinitely many regular 3-polytopes of order 3 · 2n of type
{6, 6}. Let us start by a general construction. For m ≥ 1, set
R1 = {(ρ0ρ2ρ1)
4m)ρ1 , (ρ2ρ1ρ0)
4m, (ρ2ρ1ρ0)
4m)ρ1},
R2 = {(((ρ1ρ2)
3(ρ0ρ1)
3)2m)ρ0ρ1 , (((ρ1ρ2)
3(ρ0ρ1)
3)2m)ρ2, (((ρ1ρ2)
3(ρ0ρ1)
3)2m)ρ2ρ1},
R3 = {(((ρ0ρ1)
2(ρ2ρ1)
2)3m)ρ0 , ((ρ1ρ2)
2(ρ1ρ0)
2)3m, (((ρ1ρ0)
2(ρ1ρ2)
2)3m)ρ2}.
Define
Gm = 〈 ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
6, (ρ1ρ2)
6, (ρ0ρ2)
2, (ρ2ρ1ρ0ρ1)
3, R1〉,
Hm = 〈 ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
6, (ρ1ρ2)
6, (ρ0ρ2)
2, (ρ2ρ1ρ0ρ1)
3, R2〉,
Im = 〈 ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
6, (ρ1ρ2)
6, (ρ0ρ2)
2, (ρ2ρ1ρ0ρ1)
3, R3〉,
Theorem 5.1 (Gm, {ρ0, ρ1, ρ2}), (Hm, {ρ0, ρ1, ρ2}) and (Im, {ρ0, ρ1, ρ2}) are solvable string
C-groups of type {6, 6} of order 192m3, 384m3 and 768m3, respectively.
Proof. We begin by defining U as the finitely-presented group
〈 ρ0, ρ1, ρ2 | ρ
2
0, ρ
2
1, ρ
2
2, (ρ0ρ1)
6, (ρ1ρ2)
6, (ρ0ρ2)
2, (ρ2ρ1ρ0ρ1)
3 〉.
By Magma [1], this group U has three normal subgroups of index 192, 384 and 768,
namely the subgroups generated by {x1, y1, z1}, {x2, y2, z2} and {x3, y3, z3}, where
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x1 = (ρ0ρ2ρ1)
4)ρ1 , x2 = (((ρ1ρ2)
3(ρ0ρ1)
3)2)ρ0ρ1 and x3 = (((ρ0ρ1)
2(ρ2ρ1)
2)3)ρ0 ,
y1 = (ρ2ρ1ρ0)
4, y2 = (((ρ1ρ2)
3(ρ0ρ1)
3)2)ρ2 and y3 = ((ρ1ρ2)
2(ρ1ρ0)
2)3,
z1 = (ρ2ρ1ρ0)
4)ρ1 , z2 = (((ρ1ρ2)
3(ρ0ρ1)
3)2)ρ2ρ1 and z3 = (((ρ1ρ0)
2(ρ1ρ2)
2)3)ρ2 ,
respectively. The quotients of U by each of these give the initial members of our three
infinite families. Write N = 〈x1, y1, z1〉, L = 〈x2, y2, z2〉 and M = 〈x3, y3, z3〉. Then
N,L,M are subgroups of U .
A short computation with Magma shows that N is normal in U , with index 192,
and then the Rewrite command gives a defining presentation for N with three relations,
namely [x1, y1] = [x1, z1] = [y1, z1] = 1. It follows that N ∼= Z × Z × Z. The quotient
U/N is isomorphic to the automorphism group of the regular 3-polytope of type {6, 6}
with 192 automorphisms listed at [8], and so (U/N, {ρ0N, ρ1N, ρ2N}) is a string C-group
of order 192 with type {6, 6}. In particular, 〈ρ0N, ρ1N〉 is a subgroup of U/N of order 12.
Similarly, L and M are also free abelian normal groups of rank 3, (U/L, {ρ0L, ρ1L, ρ2L})
and (U/M, {ρ0M, ρ1M, ρ2M}) are string C-groups of order 384 and 768 respectively, and
|〈ρ0L, ρ1L〉| = |〈ρ0M, ρ1M〉| = 12.
Take Nm = 〈x
m
1 , y
m
1 , z
m
1 〉, Lm = 〈x
m
2 , y
m
2 , z
m
2 〉 and Mm = 〈x
m
3 , y
m
3 , z
m
3 〉. Then N1 = N ,
L1 = L and M1 = M . By Proposition 2.6, Nm, Lm and Mm are characteristic in N and
hence normal in U , with index | U : Nm| = | U : N ||N : Nm| = 192m
3, | U : Lm| = | U :
L||L : Lm| = 384m
3 and | U : Mm| = | U : M ||M : Mm| = 768m
3.
The subgroup N/Nm of U/Nm is abelian and normal, and (U/Nm)/(N/Nm) ∼= U/N is
a {2, 3}-group of order 192. By Proposition 2.5, U/Nm is solvable. Similarly, U/Lm and
U/Mm are solvable.
Since Nm ≤ N , the map ρ0Nm 7→ ρ0N , ρ1Nm 7→ ρ1N and ρ2Nm 7→ ρ2N induces an
epimorphism from U/Nm to U/N , say α. Noting that (ρ0Nm)
2 = (ρ1Nm)
2 = (ρ0ρ1Nm)
6 =
1, we have |〈ρ0Nm, ρ1Nm〉| ≤ 12 in U/Nm, and hence |〈ρ0Nm, ρ1Nm〉| = 12 because
|〈ρ0N, ρ1N〉| = 12. This implies that the restriction of α on 〈ρ0Nm, ρ1Nm〉 is a bijection
from 〈ρ0Nm, ρ1Nm〉 to 〈ρ0N, ρ1N〉, and by Proposition 2.2, (U/Nm, {ρ0Nm, ρ1Nm, ρ2Nm})
is a string C-group of type {6, 6} of order 192m3. Similarly, (U/Lm, {ρ0Lm, ρ1Lm, ρ2Lm})
and (U/Mm, {ρ0Mm, ρ1Mm, ρ2Mm}) are solvable string C-groups of type {6, 6} of order
384m3 and 768m3, respectively. Clearly, Gm ∼= U/Nm, Hm ∼= U/Lm and Im ∼= U/Mm.
This completes the proof.
By Conder [8], there exists a regular 3-polytope of order 3 ·25 with Schla¨fli type {6, 6}.
By taking m as a 2-power in Theorem 5.1, we have the following corollary.
Corollary 5.2 There exists a regular 3-polytope of order 3 · 2n with Schla¨fli type {6, 6},
for every integer n ≥ 5.
We do not know whether there exists a regular 3-polytope of order 2np with Type (2)
for every prime p ≥ 5.
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